Appendix A. Supplementary appendix

In this appendix, we prove the main propositions and theorems in the main text. The derivations will

rely on technical lemmas which are proved in the technical lemma appendix.
Appendix A.1. Low-dimensional

Let 7, = (ag,, ha{,), and define:

t+|Th]

- s—1
RTAEE S S FY (R =P
s=t—|Th]
s#£t
and:
t+|Th| L X
\I/t,T('Vt) =71 Z ks,t (% (ys+1 - Oé(—;th — aIt <T> XS> -
s=t—|Th) — (ﬁ) X,
sF£t

Or1(77) and Wy (7)) are defined analogously. In the following theoretical statements and their respective
derivations, the negative sign in ¥, 7 does not affect the key results as we are often either considering
its absolute value or studying its asymptotic behavior. Hence, we will often exclude it for notational
convenience.

We begin by stating an approximate expansion result for the objective function O, before providing a

proof for Proposition 1

Lemma A.1. Under the assumptions of A.1-5, we have
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Proof. See Appendix B. O

Proof of Proposition 1

Let B(q?,7) be an open ball around 7} with radius » > 0. We want to show that

lim P( inf  Ou7(y) > O:r(1))) =1, (A.2)
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for arbitrarily positive r. By Lemma A.1, we have
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To obtain (A.2), we need to verify:
Ver(3)) = 0p(1), (A.3)
and
(v =) T Hi(ye —4¢) > 0 (A.4)

with high probability. For (A.3), we first define
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then we can rewrite
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We will study g;r variable-by-variable. Define, for [ = 0,1 and i =1, ..., d,
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and analogously for g 7;(Xs;). We consider for [ = 0:

t+|Th)

Elgrro(Xa) =770 Y ks,tE‘ [w(ssﬂ + Rs (X)) — ¢(ss+1)] Xsi
s=t—|Th]
s#£t
t+|Th|

2 Hw(gs“ + Rt (X)) = w(es+1)}2Xfi] N

s=t—|Th]
s#t




t+|Th) ]

2 1/2

> b [B {0+ Rl - vl } x| 22
s=t—|Th] -

s#£t
t+|Th| - 1/2 t+|Th| 1/2

ST Y kB MR ODXE| ST Y R [dRCG)IXS)

s=t—|Th] - s=t—|Th]

s#t s#£t

where the 2 last inequalities follow from A.2(iii): Ma(|Rs+(Xs)|) = O(|Rs:(Xs)|). Next, notice that
ao(s/T) = aog(t/T) + a1 (t/T)[(s — t)/T] + az(t/T)[(s — t)/T)? + o(h?), and therefore we conclude that
E|g:10(Xsi)| = o(h). When [ = 1, we can follow the same procedure to arrive at a smaller order, so we

get E|g; 7| = o(h). Then, by Markov’s inequality, we get |g. 7| = op(1).
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For the second term, note that when s = t—k and | = t+k for k = 1,.., |Th], the covariance is the variance
due to data reflection. Hence, for these terms, the argument below can be applied. For the other true
covariances, we can apply Lemma C.3 to show that their sum is o(1). Now, We focus on the variances in
the first term. Note that Var(Xsi¢)(es+1)) = B(XZ4(e5+1)?) + o(1), where E(1(e541)Xsi) = o(1) follows
from A.2(ii), which also implies that E(g:7,0(Xsi)) = o(1). We have
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Therefore by Chebyshev’s inequality, we get that |g; 7| = 0p(1), and we conclude that W, 7(7?) = o0,(1).
Next, we verify (A.4). By A4(i), the matrix H; is positive definite, then the minimum eigenvalue of
Hy, Amin(Hy), is strictly positive. So with high probability,
0< inf =l Amin(He) < inf - (v =) T Hi(e =),
1EB(Y,r) 1EB(Y,r)
Together with (A.3) and (A.4), we can establish (A.2). This implies that a local minimizer of ©; 7 ()
exists in B(7,7). By the convexity of the objective function, the local minimizer is thus the global

minimizer.



O
In order to prove Proposition 2, we will rely on the following lemmas. Under the conditions of

Proposition 2, the following hold:
Lemma A.2. We have
V() = Uir() — Hi(Be — ) = 0p(1/VTh).
Proof. Proof omitted as it is similar to Lemma A.1.
Lemma A.3. The long-run variance, as defined in Proposition 2, exists: Q(1) < oo for all T € [0,1]
Proof. See Appendix B. O

Lemma A.4. Define forl=0,1,
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where vj = [ u!k*(u)du.

Proof. The derivation follows Lemma 2 of Chen and Maung (2023), but with e;,41 replaced with 1 (g¢41)
in all the corresponding moments, and the covariance inequality in Lemma C.3 for T7-mixing processes is
used instead of S-mixing. O

Lemma A.5. We have
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Proof of Proposition 2

We start from Lemma A.2. We know that W, r(5:) = 0 by construction, and ¥;7(vY) = g7 + Gr.1,

whose definitions are from the proof of Proposition 1. To find the bias:
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where we have used R (X)) = %5” (t/T)" X,[(s —t)/T]? + o(h?), and 8" (t/T) is the second derivative of
B(t/T). The second half of the vector is 0 because [u3k(u)du = 0 by the symmetric kernel assumption.

Along with the variance results in the proof of Proposition 1,
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So from Lemma A.2, we get
0— Ht_lgt,T - (% — 77?) +0p(1/VTh) = Ht_lgt,T‘

By multiplying throughout by v/Th and applying Lemma A.5 for 7 € [0, 1], we get:
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Appendix A.2. High-dimensional
Appendix A.2.1. RSC Condition for asymmetric squared loss

The proof of Proposition 3 follows a similar approach to that of Wang and He (2024) for the lin-lin loss
function but is overall more intricate for at least three reasons. First, our time-varying estimation relies on
the local-linear kernel approach, which necessitates more meticulous and involved calculations. Addition-
ally, the asymmetric squared loss function introduces a complicated non-Lipschitz continuous subgradient,
making the analysis significantly more challenging. Finally, our investigation considers weakly dependent
or 7-mixing data, as opposed to independent random variables, which complicates the empirical process

theory required in the proofs.



Before we discuss the proof strategy, we first consider a specific subgradient of the asymmetric squared
loss function. In particular, when p,(u) = u%|q — 1,<0|, we have:
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where Zs; = [XJ,{(s —t)/Th}X/]]". Note that Rs;(Xs) = Op(srh?).

Next, define &4 = 1{€s+1+Rs,t(Xs)>0} — 1{€s+1>0} and £ = 1{Es+1+Rs,t(Xs)<0} — 1{€S+1<0}. Then, we
have
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Note that £+ and £_ are non-zero only when |es11] < |Rs(Xs)], so P(€ # 0) = P(les+1] < [Rst(Xs)])-
Since |Rs+(Xs)| = Op(sThQ), there exists a constant C' > 0 such that P(|es1| < |Rs(Xs)]) < P(lest1| <
Csth?) = ffg; fs+1)/r(u)du < 2Ch?>M = O(srh?) where M is an upper bound of the density which is
finite as given in assumption A.2. Hence for arbitrary ¢ > 0, P(|€] > ¢) < P(€ # 0) = O(srh?) = o(1) by
condition A.8(i), and thus €& = o0,(1). We conclude similarly for £_. Hence, the second and third terms
are smaller order relative to the first term due to the product with an additional vanishing term. The
final term is even smaller by a factor of sph?. Note that a similar approximation follows for \IftyT(vf + ),
however, because ¢ ' Z s+ appears in the indicator function, we can use the boundedness of the density and
also the sub-Gaussian assumption of the Z,; in assumption A.6 to bind P(|es41 — CTZs,t| < Ch?).

Following the expression in Proposition 3, on the set {¢ = (¢', ¢ )"+ [|¢]| < 1} we arrive at:

‘I’t,T(’Y? +¢Q) — ‘I’t,T(’Y?)
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This object (and the inner product with ¢) can be summarized via the following four cases.

Case 1: €541 > CTZSJ and €541 > 0.
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Case 2: Es+1 > CTZsyt and Es+1 < 0.
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Case 3: 541 < CTZM and €541 > 0.
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where m, = min{q, 1 — ¢}. The second inequality requires more explanation. For case 2, we have noted

that

(CTZS,t){_(eerl - CTZs,t)q +esr1(l—q)} = Q(CTZS,t)Q - Q(CTZS,t)eerl +(1— Q)(CTZS,t)eerl

> CI(CTZs,t)Q - Q(CTZs,t)Q +(1- Q)5§+1 =(1- Q)5§+17
since for a,b < 0 and a > b, then —ab > —b? and ab > a?. The situation is very similar for case 3,

(" Zep){—(est1 = (" Ze) (1 — @) + es1q} = —(1 — @)(C Zsp)est1 + (1 — @)(C Zsa)® + a(C Zsp)esta

> —(1- Q)(CTZs,t)2 +(1— Q)(CTZs,t)Q + q5§+1 = q5§+1»

and noting that for a,b > 0 and a < b, we have ab < b*> and —ab > —b?.
Subsequently, we consider the following two functions, modified from Wang and He (2024), that are
bounded in [0, 1]:

1, if u > 22,
Pe2(u) = —1+ 2, if e? <u < 22,
0, otherwise,

and

1, if Jul < g,
Va(u) = 2—%, if0< g <|ul <a,
0, otherwise.

Finally, we have that
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= Pyrp(0), (A.5)
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where b is a positive constant. Our proof of Proposition 3 involves studying this lower bound. We will
achieve this in the following three lemmas. The first lemma solves the problem caused by the lack of

Lipschizt continuity experienced by the subgradient of the asymmetric squared loss function.



Lemma A.6. Let g(eg_H, Zsy) = %mq€§+1<,05§+1(CTZs,t)Vng”(CTZs,t) for a positive constant b and ||C]| <
1. Then g(-) is a 1-Lipschitz map in (€§+1, Zs ) with respect to the €1 norm, and hence a T-mizing process

under the conditions of Proposition 3.

Proof. See Appendix B. O

Next, we describe an auxiliary lemma required for deriving a concentration inequality for P, 14(¢).

Lemma A.7. Under the conditions of Proposition 3, and consider a constant by > 0 such that for all
b > b07

E[(CT Zaa)*1(ic7 2, o obiiclj2y) < OBE[(CT Z4r)?) (A.6)

holds. Then there exists a positive constant u* such that uniformly on {||C|| < 1} and for all b > by, we

have
E[P,74(C)] = uw*[|¢|I* + o(1),

where P, 74(C) is the lower bound defined in (A.5).

Proof. See Appendix B. O

Finally, we have,

Lemma A.8. Define Sy = {¢ : ||¢|| =6} where 0 <8 <1, and Ty ={(: ¢ € Sy, ||C|l1 < J|[C]|2,VJ > 0},

and

Zyr,.g = sup [Py rp(C) — E[P: 7 p(C)]|
cery

for any b > byg. For notational convenience, let the events in Assumption A.6 be written as Bx i1 =
{maxi<j<my c}g(j%T < cx}. Then, there exists a positive constants C*,Cyz,m*,b and 1 > a > 1/r; such
that on Bx 1 and assuming the conditions of Proposition 3, we have

« 19 [Log(mr) 22 Cy (Th)Y/2—0(r-+1/2)
Pl Z > IV A ) < A | Cz '
( t.g > C7J0 (Th)l—o ) = XD\ =2 og(mr) | + 7 sl

Proof. See Appendix B. O
Proof of Proposition 3

The proof follows very similarly to that of Theorem 1 in Wang and He (2024) but we use Lemma A.6
to Lemma A.8 above instead and we exclude a full derivation. However, we note that [¥; (7 + ¢) —
Ur(Y]TC > ar|[C]|? — ag (;?%;L_Ta I¢]]1 holds uniformly over {¢ : ||¢|| < 1} with probability at least
1 — Ap — kyexp(—kglogmr) — ZCZM A

C*Q

, where k1 = 1 + exp(—kzlog2) and k2 = =5 o7

log(mr)
difference with Wang and He (2024) is the additional final term in the probability which is a result of the

mixing approximation. It is nonetheless o(1) as T' — 0. O



Appendix A.2.2. Consistency proof

Lemma A.9. Define
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where Zsy ; is the j-th element of the vector [-X,, —(37)X[]. Under the conditions of Proposition 3,

for every 6 € (0,1), we have
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Proof. See Appendix B. O

The stated lemma can be seen as the ”deviation bound” as in Wong et al. (2020) and will be required
to derive the estimation error bounds in Theorem 1.

Before we begin our proofs for the main results, we first provide a characterization of the local solutions
to the SCAD problems similar to that of Wang et al. (2012); Wang and He (2024). Our work here extends
the result from the specific case of the quantile loss function to that of general loss functions. Since we have
a potentially non-smooth loss function along with the non-convex SCAD penalties, the usual approach of
relying on the KKT conditions to show that the resulting estimate is a minimizer might not be applicable.
Instead, we rely on the following result from Tao and An (1997).

Let f(v) and g(v) be convex functions with subdifferentials df () and dg(y). Let v* be a point with
neighborhood T'. If 9f () N dg(y*) # @ for all v € I'Ndom g where dom g = {7y : g(7) < oo}, then v* is
a local minimizer of f(vy) — g(v).

This result is relevant because we can indeed represent the penalized objective function E(a({ & haIt) =

L(7:) as the difference of two convex functions. In particular, £(v:) = f(v:) — g(7¢) where

t—l—l_ThJ s+t mr mr
PN =T Y b o (e —adiXo = hal (S50 ) X ) 400 Xl + 0 X thansh (A)
s=t—|Th| =1 =1
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9(7) =Y (Grg(@0,5) + G, (han ),
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i (hiai,t, )2 — 2)\¢|hiai,t, i+ )\22 i
Gy (haigj) = ( J) a—1) ! Lini<lrianl<ant + | Ailkeie sl = (a+ DAZ/2 | Tgpia,, sands
(i=0,1)
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and a is set at 3.7. Furthermore, write the derivative as G’/\i(hioziyt,j) and if we stack it up, we have

G'(m) = (G4 (@0,6.1), - Gy, (A0, tmg ), Gy, (hari1), oy G (RO tmy)) T

In lieu of the result from Tao and An (1997), we consider stationary points 4; that satisfy

V(i) =G () =0 (A.8)

where V f(4;) refers to a subgradient in Jf(+;) evaluated at 4. By Lemma 1 of Wang and He (2024), the

solutions also satisfy
() + sa(Bn) — G' () =0, (A.9)

where sx(7:) = (Aosign(aot), - Aosign(ao t.my ), Misign(hait 1), ..., )xlsign(halyt,mT))T, and Wy () is
defined at the beginning of Appendix A.1 (i.e. it is a subgradient of the unpenalized loss function).

We are now ready to provide a proof of Theorem 1 in a similar fashion to Wang and He (2024).
Proof of Theorem 1

In order to utilize the RSC condition in assumption A.9, we first need to establish that the discrepancy
between the estimator and the true value 4; — Y = ft is < 1 with high probability. We will conduct
our analysis assuming that the following events are satisfied: (i) Az = {\ > max; ¥, 7, (v))|}, and (ii)
BY = {[0,7(30) — W ()] > arllélla— an/BERL |Gl } 2. For (i), by the rate assumption on A in
A8 and by Lemma A.9, we have P(A7) > 1 — 6. For (ii), following the argument of lemma C.4 in Wang
and He (2024), and assumption A.9, we have P(B(Tl)) >1— Q7. Hence P(Ar N ngl)) >1—-6—Qr. We
want to show that P(||Gll2 < 1) >1— 8 — Qr and we do so by contradiction.

First suppose ||C;|l2 > 1. Then since 4; satisfies (A.9), we have

[5(7e) = G" (3] T (0 = 4e) = = Lo (3a) T (0 — F),

and we get
(G (1) = s(I) TG = Wer () T (A.10)
(A 5 0\ T A 2 O\ T £ & logmy | -
(G'(A) = s(e) = Ver (V)] G = (Wer(e) — Yer(v)) G = arl[Gellz — a2 WHQHI?

where the inequality is a result of conditioning on ngl ), By Holder’s inequality, the LHS of the equation

above is bounded by

(G () = s(Fe) = Cer(W)] TG < (I1G"(Be) = s(F)lloo + 107 (V) o) el

13Note that the event in (ii) is not the same as the RSC condition. The subtle difference is due to the lack of the square on

Ie]l2.
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Note that by construction, px(v) = -5 Py (lawo,t,i1)+2-72 pay (Al ;) satisfies pa(ve) = (Mo D70 ||+
Ao [hangj|) — g(e) (see definition of f(y:) and g(7¢) in the discussion before the proof). Hence,

G' (%) — s(Fe)|lse = [0pa(At)||oc < X\ where the bound is due to Lemma 4(a) of Loh and Wainwright

1G" (% gl A g
2015) and the requirement that A\g and A; are proportional to A. Furthermore, on the event Ar we have
(2015) q prop ;

19 7(79)]l0 < A. Hence,

log mr

a1|¢ill2 — az Thy—= IGells < G () = s(F0)) = Waer ()] TG < 2M1Ge 1,

N————
<\
and

a1]|Gellz < (2 + a2)A||Gelh < 26(2 + az),
since both |4 |1 and ||7?||; are < k. Then, 2x(2 + a2)\ = 2k(2 + a2)éHr(8) and since Hr(8) < m,
we get a1 |G|l < a1, which is a contradiction since we have assumed that ||(||2 > 1. Therefore, label the

event Vy = {||¢]]2 < 1}, and we know that P(Vp) > 1 —6 — Qr.

Next, label the event implied in assumption A.9 as

log mp

B(T2) = {(\I/t,T(%) - \Ilt,T(’V?))Tét > a1]|¢]l3 — a2 (ﬂl)l—a”étul}'

We have by assumption A.9, on Vp, P(ng2 )) >1— Q. We will now condition our analysis on the event
Ar N VN B and we know P(Ar N Vy N BY) > 1 - 26 — 2Qr.
We can now use the RSC condition. First, recall the definition of p ,(v:) given in (6). Then, by

convexity,

DPxp (719) —DPxu ('Ayt)

H N s s
= MRl = 900) +£1n013 = {Mell — 9(30) + 4 1eli3}
—_——— —_———

=pr () =px (%)
> (14— G'(3) + s(30)] T (% — A1)
= [=G'(3) + s(] T (0 — Ae) + 1A (0 — A1)
Since [[3P113 = [19ll5 = 17 = All3 + 2% (3 = A), we have
pA(37) — pA(Ge) + %H’Y? —4l3 > [=G' () + s(3)] T (0 = 4) = [G'(3n) — ()] T e,

or by multiplying —1,

~[6/(3n) = s(30)] TG =~ ()G > paGin) = paG) = Sl = 3l (A11)



where the equality is due to (A.10). Next, from the RSC condition:

A R N A logmy | »
_‘I’t,T(’Y?)TCt > —‘I’t,T(’Yt)TCt + al”(t”% —a WHQHI
. B 2 log mp
2 () = pa0?) = GG + anllGl — a2y | s Gl

where we have used (A.11) in the last line. Again by Holder’s inequality and Lemma A.9:

log mr

WH@HL

~ ~ " M A
AlGell = e () e MGt = pa(ie) — pa(ar) + (a1 — §)||CtH§ — a2

Next, by the Lipschitz-continuity of p) (see lemma 4 of Loh and Wainwright, 2015), we get |[px(5:) —
(V)] < /\HéHl or —|pa(%) — pA(Y)] > —)\Hét||1, and since for all x € R, 2 > —|x|, we have

log mr

s ol
BAIICell1 = 2A[[Gel[1 + a2 (Thyi-a

il > (a1 = 513,

given the conditions on A. Then, by a standard calculation, we can show that [||l1 < 41/57]|¢ |2 (for e.g.

by using corollary 1 of Wang and He, 2024), and therefore we conclude that

12 A
N YN 7
(al_%) ST Z HCtHQ

is valid conditional on the event Az NV N B( ) ]

Appendix A.2.3. Selection proof

We first introduce a restricted problem termed as the biased oracle problem. This is similar to the original
penalized problem in (5) but with the identity of 'relevant’ forecasts (and the gradient terms) known prior
to solving the problem.

Recall that the first sor forecasts are deemed 'relevant’ along with the first s; 7 gradient terms from
the local linear expansion. Define oz‘& , and aft to be the sub-vectors that represent the first so 7 and s1 7
elements of ap; and a1 ¢ respectively. Furthermore, for notational convenience, we will establish the index
set of relevant variables to be S = {1, ..., so.r,mr + 1, ..., mp + s1 v}. Variables that have zero coefficients
(i.e. not relevant) therefore belong to the index set S¢. Note that both sets are actually indexed by T'

but we avoid annotating as such to save on notation. Solutions to the biased oracle problem are given by

Aﬁg = (ao s ha1 t)
t+|Th)|

s—1t
= argmin 7! Z kstp<ys+1 aOt{X ts — ha {( Th >X5} >
(af hat ) ERS s=t—|Th) S
s#t
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$0,T $1,T

+ZP,\0 |o,,51) +ZP,\1 |ha ) (A.12)

where {X }s and {(55%) X} g correspond to the sub-vectors with non-zero coefficients. Furthermore,

the solutions satisfy:

& T(’Yt ) + 8% (’Yt ) — G/S(;ﬁs) =0, (A.13)
where
t+|Th)
s—t _{XS}S
WD =1 Y b (-l (s —ad { (1) %) ) |
o= t;éLtThJ s/ | ={(m) Xshs

and both s{(77) and G'S(35) are analogous to sy(v;) and G’(7;) from (A.9) but containing only the
relevant variables.
In order to discuss the properties of ?f in relation to the non-oracle penalized problem, we define the

following vector:

=S — (a5T of ST of T
’Yt - (a()t ? (mT 50, T)Xl’ hal gt (mT_Sl,T)Xl) ’ (A14)
=ag ) =ha? |

where 0 1 and 0 1 are zero vectors of corresponding lengths.

mTst’T)X mTfsl,T)X

We now detail the proof strategy of Theorem 2 as follows:
1. Determine that 77 is consistent for 7Y (Lemma A.10);

2. Using the results from Tao and An (1997), show that 77 is also a local minimizer of the original

penalized problem in (5) (Lemma A.12);

3. Show that any stationary point, 4, to the original penalized problem is supported on S. Further-
more, we establish that ‘)7;; is a unique stationary point in the biased oracle problem in (A.12) and

by extension, 4; is also a unique stationary point to the program in (5) (Lemma A.13);

4. Finally, we argue that 4; is equivalent to the solution to the unbiased oracle problem which is (A.12)

without any penalty terms.
These steps are detailed in the following list of lemmas:

Lemma A.10. Under the conditions of and definitions given in Theorem 1, we have with high probability,

7 = ll2 < Mot

14



Proof. This proof follows almost exactly the derivation of Theorem 1 although we use (A.13) instead of

(A.9) as our starting point. The RSC condition as stated in assumption A.9 is still applicable because

(e () = e () B — ) = (Wer () — ¥ (0 %) T BF =),
where *y? S refers to the true non-zero parameters because ﬁfj — 72 ;=0 for all j € S¢. O
Next,
Lemma A.11. Under the conditions of Theorem 1 and assumption A.10, we have with high probability

(i) Fy\fj\ > (a+ a*)/sTA for all j € S where a is the constant in the SCAD penalty, and a* > 0 is an

arbitrary constant;
(ii) Uir;(37) =0 for all j € S;
(ii) |Vr;(70)] < CA for all j € 8¢ and C > 0.
These results are required to show the following:
Lemma A.12. With high probability, 77 is a local minimizer of (5).
The proofs of both lemmas are relegated to Appendix B.

Lemma A.13. Let 4; be any stationary point of the original penalized loss function (5). Then with high

probability, 44 is supported on S. Furthermore, 4 is unique.
Proof. See Appendix B. O

Proof of Theorem 2 From the results of Lemma A.13, % = (37°7,0%5.)" where 79 " is the unique
solution to (A.12) (see proof of Lemma A.13 for details). In the proof of Lemma A.11, we showed that
s$(7) = G'°(37) and thus \IIfT(if) = 0. By Lemma 1 of Loh and Wainwright (2017), the unbiased
oracle program in (10) is strictly convex on RS, and hence \I/‘fTﬁ,}S ) = 0 implies that ¥ is the unique
global minimizer of the unbiased oracle problem. Hence, 75 = %O S where recall that 'Ayto S is the unique

stationary point of (10). Therefore 44 = (7 7,0L)" = (’??’S, 05) T =4P. O

15



Appendix B. Proofs of Lemmas

Proof of Lemma A.1

Write
0 0 0 0 0 0
Orr(v) — Our (V) — (ve — 1) Wer() — E [Ovr(ve) — Oer (7)) — (v — ) Per ()]
t+|Th)]
=T ) Usy—EUs) (B.1)
s=t—|Th]
s#t
where

s—1 s—1
Us,t = k’si |:P<ys+1 — Oé(—)r’tXS - aIt< T )XS> - p<y3+1 - 068:|;Xs - a?j;( T )Xs)

0\T Xs s—1

— (=) < t> | Ys+1 — 060 tX t X | |-
s—t | x T
Th s

We want to show that (B.1) is 0,(1). To do so, consider
t+|Th| t+|Th]
Var <T 1 Z Us,t) =72 Z Var(Us:) + 272 Z Cov(Usy,Uyt)
—|Th) s=t—|Th] t—|Th)<s<I<t+|Th|
syét s#t s, l#t
= Vl,s,t + Vé,s,t (B2)

where V; s4(i = 1,2, 3) refers to the corresponding summands above. We start with V; ;. First note that

s—1 t
‘Us,t| < ks,t |:P (ys—i-l Qp, tX 041 p <T> Xs) - p(ys+1 - ag,IXs (1]—1[ <T> Xs)
XS s—t
— (vt~ ) t (0 <ys+1 QBIXS - Oé?;ls— (T)XS>} ‘
h
Xs T T (5t 0T
< \kst(ye — 5 : Ys+1 — Oéo,th — T Xs )| =\ Ys+1 — ao,th
ﬁ Xs
ad * <T s (B.3)
where the last inequality follows from the convexity of p. Since,
t+|Th) t+|Th]
Y VarU)<T? Y EUZ)
s=t—|Th] s=t—|Th]
sF#t s#t
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t+|Th]
<T? Y E
s=t—|Th]

s#t

X 2
S s—1t
k?,t{(’Yt -7 (st>X } ["‘/’ <ys+1 aths — a1T,t <T>Xs> - ¢<ys+1 - angs
Th s

t+|Th) X, ) L
=72 Z E k?,t{(% - ’Y?)T ot } E [1/1 (ys+1 - oz(Ith - ho,t (T >X5> — <y5+1 — angs
s=t—|Th] Th X
sF#t

()

Let us add and subtract ¢ (£54+1) into the conditional expectation:

2
s—t t
E |:¢ <ys+1 - O‘E)ith - alTﬂt <T> Xs) —Y(est1) — ¥ <ys+1 - agIX 05(1)—1[ <T) Xs> +¢(5s+1):| Xs] .
(B.5)
Next we study the 2nd half of the conditional expectation with the help of Assumption A.2(iii):
" 2
E [(w (ysﬂ —ap; Xs—af} <T>Xs> - w(esﬂ)) Xs]
< 310§, - )X — ol (s - 0/ T, ). (5.6)
For the first part of the conditional expectation, we have
s—1 2
) |:<’¢ <ys+1 &, tX al it <T> Xs) - 1/}(55+1)> Xs:|
< Mo (](aOt — aOt) X+ (ags — agt)TXs — ath(s — t)/TXS|>. (B.7)

Terms involving (ad, — af),) are smaller order, so using the definition of Ma(|e|) = O(|e|) in A.2(iii), and

for some constant C* > 0:

t+|Th) D 3
(B.4) < C*T? k2, - )7 ’ +o(1). (B.8)
s= t%éL:ThJ <{ (%)XS } )

Given our moment assumptions and noting that ||, —1?|| < ¢, we can see that the expectation in the

expression is O(1).

Finally, using the Riemann sum approximation (T}Z)Q ZZ:E}[JThJ K2 (5 = & f_ll K2(z)dz + O(F)
s#t

we conclude that
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Next for V5 ¢, defined in (B.2), note that because of the data reflection, when s =t —x and l =t + &
for k = 1,...,|Th|, we have that Cov(Us,Ui+) = Var(Us,). Hence, define the following set of indices
Oty = {8, :t—[Th| <s <1 <t+|Th|,s=t—k,l=t+r,k=1,..,[Th|} and, we can further split

this term:

Vst =212 g Cov(Us 4, Upy) +2T2 E Cov(Us,Upy) = Vo610 + Vo2,
—_————
(Svl)€®{s~l} ZVQT(USVt) (S:l)¢®{s~l}

The argument for the 1st term is exactly the same as the above, which implies that Va1 s = O((Th)™1).
For V9 5+, we can show with mixing arguments (see Lemma C'.3) that it is of the same order.

Therefore, by Chebyshev’s inequality, we get that

@t,T(’Yt) - @t,T(”Y?) — (e — ’Y?)‘I/t7T(’Y?) —-F [@t,T(’Yt) - G)t,T(%?) — (v — ’Yg)‘l’t,T(’Y?)]

= 0p((Th)™1/?) = (). (B.9)
Next, we apply lemma 1 of Bai et al. (1992) to obtain:

E(Gt,T(%) - @t,T(’YtO» = %(’Yt - ’Y?)THt(’Yt - ’Y?) +o(1). (B.10)

Similar to (B.7), we can conclude that E(¥; (7)) = o(1). Piecing this together with (B.10):

E©:r(1) = Our(1) = (0 = 4)¥er () = %(% =) He(ye —7) + o(1).

Then together with (B.9) and convexity of (B.1), we get the desired result. O
Proof of Lemma A.3

Recall that Q(t/T) = Y22 T;(t/T) where T'j(t/T) = Cov(X¢p(g441), Xt (et4144)). By Lemma C.3,

j=00

R-2

T;(t/T) < O, 1 < o0

for some constant C' < oo and R > 2. Here, we follow the argument in Lemma C.3 and let R = pq/(p+q) >
(R—-2)

2 where p, and ¢ are defined in assumption A.3. Furthermore, T;(R_l) <C-j

_ xR=2
Y R-1,

Returning to the long-run variance, because the sum is symmetric we focus on the positive side:
o0 e} R_2
dTH/T)<Cy 54w,
j=1 j=1

To show convergence, we can use a comparison test with respect to a p-harmonic series. The result follows

by noting that ¢* > % as given by A.3(ii) so go*% > 1. O
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Proof of Lemma A.5

To prove the normality result, we use the triangular array CLT of Neumann (2013). This CLT is
also used in Babii et al. (2024), and is attractive because of its minimal dependence requirements. The
application involves verifying conditions (2.1) to (2.4) in Theorem 2.1 of Neumann (2013) which we
replicate here.

Theorem 2.1 of Neumann (2013) Suppose (X74)i=1.. 7, T € N is a triangular scheme of random

variables with E[Xr,] = 0 and Zle E[X2,] < v for all T, t and some v < co. Assume that as T — oo,

we have
o4 =Var(Xr1+ ...+ X7.1) = 0% € [0,00) (B.11)
and
T
Z E[X71{x,,>e}] = 0 (B.12)
t=1

holds for all e > 0. Furthermore, assume that there exists a summable sequence (0j)ren such that for all
u € N and all indices 1 < 51 < 59 < ... < 8y < Sy +k = Jj1 < jo < T, the following upper bounds for

covariances hold true: for all measurable functions g : R* — R with ||g||cc = supzeru|g(z)] < 1,
|Cov(g(Xtos, s s X1,5,) Xy X1 )| < (E[XF ]+ EIXT 5] + T~ )0k (B.13)

and

Cov(g(Xrysy, oy X1,8,), Xy X go)| < (BIXT ] + BIXT )] + 7). (B.14)

Then we have,

XT71 + ...+ XT,T —)d N(0,0’z).

0.
Define:
t+|Th)] t+|Th]
1 s—t X 1 s—t
T W K <> =__ E K 'z
v § Es+1) Y(est1) U Lsgi
VTh S, Th 7|59 Xs| VTR T Th
sF#t s#t

where v is a unit vector of conformable dimension and Zs; = (X, (s —t/Th) X,/ )". The multiplication
with the unit vector is to facilitate the application of Cramer-Wold.
Verification of (B.11). Condition (B.11) is the existence of the long-run variance which is provided

by Lemma A.3.

19



Verification of (B.12). This is the Lindeberg condition. We want to show that for ¢ (esy1)Zs: —
E[T/J(Eerl)Zs,t] = Vs,ti

1 LTh] s—t ’UTV t 2
lim K|(—)|F 21, =0. B.15
T 500 s=tZL:ThJ ( Th ) vTh {l V”|>U} ( )
s#t
Note that for R = pq/2(p+ q) > 2:
UTVs,t 2
VTR | 155t 0y
. I UTV;’t <U>R 2
| vrh | \U {|“ St >U)
< p | Vel VTV | U*<R*2>1
Th | Th T(EAREXAS
|U Visl® T
< .
=B . Th —— (VThU)™
Therefore,
t+§:hj p (s—t) . UT‘/SJ 2 ]
v Vst
) Th VTh | {5210
st
1 t+|Th) st
<(VThU)"2 0 3 K <Th> ElloViul ]
s=t—|Th]
sF#t
1 t+|Th| ot
< VIR D Y (S ) e I Zul + o)
s=t—|Th]
sF#t
=0 ((Th)’(R’2)/2) = o(1) as Th — oo, (B.16)

where p and ¢ are defined in Assumption A.4. The application of Holder’s inequality in the penultimate
inequality follows the logic in Lemma C'.3. The o(1) appears because E[t)(es+1)Xs] = E[E[(es+1)|Xs] Xs]
and E[i(esy1)|Xs] = o(1) by condition A.2(ii). Thus, the condition is verified.

Verification of (B.13) and (B.13). We define, for any u € N, the indices t — |[Th| < s1 < s2 < ... <
Sy < 8y +k < s, + k' <t. We focus on the time points prior to ¢ because data after ¢t are equivalent to
points prior due to data reflection. We want to show that for a R > 2 and for any measurable function

g : R* — R with sup,egu [|g(v)|| < 1, the following:

* R
1 k¢ r-1
Thcov(g(vTVm/\/Th,vTvm/\/Th,...,vTx/Smt/\/Th)vau,t,vTX/sM,t) =0 () (B.17)

=Asy,t =By tk,t
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k—®
Thcov<g(vTv;1,t/\/Th,UTX/S2,t/\/Th, ...,UTVSu’t/\/Th),UTVSM+k,tUTVsu+k/’t) =0 < 0 ) . (B.18)

=9 EDSu+kaSu+k/

To bind these covariances, we adopt a similar strategy as in our proof of Lemma C.1. First, define
Fiuo =0(Vs,, Vsy—1,Vs,—2, ...), the Li-mixingale type coefficient y(F*_, Bg, 1k+) = || E(Bs,+kt| F %) —
E(Bs,+kt)ll1, Qa,,, to be the quantile of |4, [, and G|, ., | to be the generalized inverse of z

I5 Q. . (W)du’. We start with showing the first statement:

2 /W(fS&aBsU+k,t)/2

il Cov st Breid)| < 7 Q0,11 © G ()l
2 HBSu+k,tHl / /
= Th 0 L <r(F24 Buy i) /2 @) A 1] © Gy (W) AU
1 s R—2 1Bsy+k,tll1 Rl /(R-1)
< ﬁ{’Y(F_uooa Bsu—i-k,t)}R_l /(; [Q‘Asu,d e} G‘Bqurk,t‘(u ):| du
L7 1/(R-1)
O =
=T {/ Qv dy} {/ Qb ®) }
C B2
Tih’rk et ||Asu7t||R”Bsu+k‘,t|| ?

where the second last equality follows from a change of variables, and Hélder’s inequality twice (see proof

of Lemma C.1 for further details). Note that because sup,cru||g(v)|| < 1:

| As, tllr < ||U {¥(esu+1)Zs,t — El(Esy+1) Zs, t) IR

< [[P(esut1) Zoutllr +0(1) = O(1)

where ||Y(es,41)Zs, t||lr = O(1) as demonstrated in Lemma C.3. The same argument is applicable to
| Bs, k.|| r- Using the assumption on the 7-mixing coefficient, 77 = O(k~%") and ¢* > (R — 1)/(R — 2),

we get

1 k¥ B—1
1_‘7]’11|C’01)(143u7t7 Bsu+k7t)| = O Th .

* R—
The key requirement here is that the sequence {k™ 7 Tj} is summable (see proof of Lemma A.3 for
details), which is guaranteed by the condition on ¢*. Hence, condition (2.3) of Theorem 2.1 in Neumann
(2013) is satisfied. The verification of (B.18) (i.e. condition 2.4) is more convenient and we invoke the

mixing conditions in assumption A.3(iii) instead:

Qg © Gip u')du!

su+k,su+k | (

1 2 ’Y(}—iuoo’Dsu-kk,su-kk’)/2
ﬁ\COU(Csu,tvDsu+k,su+k’)’ =7
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1
< ﬁV(ff&a Dg, ks +k')

1
= ﬁ||E(UT‘/su+k,tUT‘@u+k/,t|]:f’f>o) — B Vo ariv Vi ow o)l

—0 (W _T}]:)_¢> ,

where we have used the fact that sup, |g(x)| < 1 and thus the quantile function is also upper bounded by
1. Given that ¢ > 1, the numerator is absolutely summable.

Therefore, 2.1 to 2.4 is verified, and the CLT can be applied. O
Proof of Lemma A.6

We analyze the component-wise Lipschitz continuity of g. By Lemma C.1 of Wang and He (2024),
5§+1<p85+1 (CTZs,t)VbH(H (¢TZs,) is Lipschitz continuous in ¢ " Zs; with Lipschitz constant 3. This is reduced
to 1 with the scaling by 1/3 and the fact that m, € (0,1).

Next, we analyze Lipschitz continuity of g with respect to &2 41 Specifically,

‘g(€§+17 Zs,t) - 9(52317 Zs,t)’

1 *
gmq {ngrl <p5§+1 (CTZS,t) - 833190&;31 (CTZs,t) } Voli¢|l (CTZs,t)

Note that if b||C|| < [¢T Z; 5|, then Vb||CH(<TZs,t) = 0, and hence it is trivially Lipschitz. We therefore con-
sider the case where | Zs | < b||¢||. Since both m, and VbH<||(CTZs,t) are <1, |%mq{5§+14p5§+1(CTZs,t) =
estaperz (T Zsa) o) (CT Zso)| < gledineee, (T Zsr) — 5319z (CT Zsy)| = 3]Al and we just need to
study this difference.

Here, we encounter several cases. If |( " Z,;| < min{eZ,;,e32,}, then 805§+1(CTZS,15) = %ﬁl(ﬂz&t) =
0 are 0, and Lipschitz holds trivially again. So we consider the converse of that: either €2, < [(TZ,,| <
bl|¢|| or ex%, < [T Zsyu| < b|[C]| or both are true. This results in the following 4 sub-cases are:
Case (a): @ag+1(CTZs,t) = @E:il(CTZ&t) = 1. Then, |A| = |e2,; —%,]|, and Lipschizt holds.
Case (b): ¢82+1(§TZS¢) € (0,1) and ‘Pe*il(CTZs,t) = 1. Then,

T
2 |C Zs7t| 2
Es+1 ( -1+ = — &

€s+1

|A| = = HCTZs,t - 5§+1 - 5:31 )

and we ask if this is < |e2,; —e*,|. For this case, we know that €2, < |(TZyy| < 2¢2,, and €%, <
(" Zs4|/2, which implies €32, < &2, and so |2, — &2 | =2,, — % ,. Now, suppose that A > 0, we

have

T 2 *2 2 2 *2 2 *2
|C Z$7t| —E€s11 — €511 < 2€s+1 T Es41 T Es41 T Es+1 T Estly
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hence A <2, —e!2,. Next, suppose that A < 0, since we have 272, < |¢T Z, |, we arrive at

2 *2 *2 2 *2
s+1 + €s+1 — 2854—1 = €541 ~ €s41-

2 *2 _ 2 *2 T
—E&s41 T €s+1) = €541 + €st1 — |C Zs,t

—(1¢7 Z,,

Therefore, we conclude that |A| < &2, —e*?,, and have shown that it is Lipschitz.
Case (c): <P€2+1(CTZs,t) = 1 and goa*il(f Zst) € (0,1). This case is analogous to case (b), and an
identical conclusion can be reached.

Case (d): ganH(CTZS,t) € (0,1) and ngﬁ_l(CTZs,t) € (0,1). Here,

|<TZ t| * |<TZ t’ *
€241 ( -1+ . —e( -1+ . = le2 — el

s+1 6s+1

Al =

and thus we arrive at the same conclusion. Hence, this shows that g is 1-Lipschitz continuous with respect
to 5? +1-

To conclude, g(egﬂ, Zsy) is 1-Lipschitz in (5§+1,Z57t) with respect to the 1 norm. It is hence also
T-mixing since (&2 41, X,) is jointly 7-mixing and 1-Lipschitz maps preserve the mixing property. O

Proof of Lemma A.7

The result in (A.6) follows from the dominated convergence argument of equation (C.7) in Wang and
e (2024).
To show the second part, first note that 1{<TZS,t>2€§+1>O} < Pe2(CT Z40) and 1{|CTZs,t|SbHCII/2} <

Ve[ (€T Zst), and so

t4|Th) )
1 _
E[Prp(Q)] = gmgT™ D kot €§+11{CTZ5,1:>25§+1>0}1{CTZs,t|§b||C/2}:|
s=t—|Th] -
s#£t
t+|Th| _
*qu_ Z kst B E<5§+11{§Tzs,t>2s§+l>0} Zsy
s=t—|Th] -
s#t

> 1{|CTZs,t§b||</2}] . (B.19)

Let ugyq = €2 11, then by a change of variables, the conditional density of usy; given Zs; can be written

as, using the notation of assumption A.2:

fesrry1,2(WW) + fistayr,2(—Vu) S 2u_ S 2u_
2/ = 2Vu T 2w

where by assumption, the conditional densities are greater than w_ > 0 uniformly in a neighborhood

around 0 (i.e. |u|] < up). Hence,

E<€§+11{CTZ5¢>25§+1>0} ZS,t) = E<u8+11{(TZs,t/2>uS+1>0} Zst
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w du
2Vu

¢ Zs1/2 T 2
> u_/ udu = —= C Zs )
uo Jo 2./ ug 2

Therefore,
) t+|Th)
(B.19) = 7 V_ﬁmq > "fsvtE[(CTZs,t)%{mTzs,tSbncn/z}]
NV Th
=a s#£t
o t+|Th] a t+|Th|
i > kaEl(( Zap)? - 1 > kstBIC Zst)® ez usolicl/zr ]
A A <0.5E(((T Zs1)) by (A6)
o T
2 g Z ks,tE((CTZs,t)2)
s=t—|Th]
s#t
_ t+|Th| s " 7
=—— K== \("E(Zu2z] )¢ ==¢c"THt/T 1
= (7 )¢ B@azLic = 56T /DI + o)
s=t—|Th]
s#t
u
> 2 illCcl +o(1)
where the last inequality uses assumption A.7 where \p,in(H(t/T)) > p1. O

Proof of Lemma A.8

Since we have data reflection, for simplicity we focus on only the half of the data before time point ¢.

Define & ¢ = (¢2,1,(" Zs;) " and write

-1
1 _
P, 74(C) :gqu ! Z ks,t5§+1‘105§+1(CTZs,t)VbHCH(CTZs,t)
s=t—|Th]
R | s—t
=75 > 3qu<T>5§+1%§+1(CT23¢)V1)¢||(CTZ5¢)
s=t—|Th]
L
= ﬁ Z Vt(ﬁs,()
s=t—|Th]

From Lemma A.6, we know that V;(§,¢) is a 7-mixing process, so the goal is to first approximate it with
independent blocks so that standard empirical process techniques can be applied. Define the [-th block
of length L to be

GriL = Vi(&—rnj+a-1)r,c) + -+ Vel§e—|mh)+10-1,0)
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fori=1,2,..., LLT—L’IJJ The remainder block:

0 if L@J is an integer,

G| 7 =
Ihl |4 1t,L :
{ L J Vi(§, LThHUThJJLzﬁ) + ...+ Vi(&-1¢) otherwise.

Lot & = (241, 20) T and define Ui = (6] sy & igngan )T a0 (Wi 1= 1,y | 24|

1} to be i.i.d. uniform random variables in (0,1). Define the o-algebras

h
o(Ui L Umopr) = o({&}s<i— | Tn)+0-2)0-1) = Fey,  for1=3, .., {L L JJ i

By Lemma 5 of Dedecker and Prieur (2004) and similar to the construction in Appendix A of Pouzo
(2024), for I > 3, there exists Ulr = (f:jLThH(lil)L, ...,Q‘LT,LJHLA)T that are distributed identically

to U, and by extension {{/} has the same distribution as {}, such that
1. U}, , is measurable with respect to Fe; V o(Ust,r) V o(W));
2. U}, 1, is independent of {Unm.t.1 tm<i—2;
3 MUt = Uy pllh = 7(Feu, Ut,n)-

For | = 1,2, set U = UJy ;. Furthermore, note that by points (1) and (2), {U; ltL}2<2l<“ThJJ and

* .
{U2l_1’t7L}1§2l—1S“TLMJ—I—I are independent sequences. Next,

t—1 “TMJH
PiralQ) ~ BLRaaOll = | 7 3 Vilesd) ~ BUE = |77 L Gueald) = BlGisa(C)
s=t—|Th]
MThJJ_H “ThJJ_H
<l Y. G - Grn(Q + Z Gl4.0(C) — ElG, 1(C)]
=G40
| L R
< Th Z Gre,.(C) = GJ 4 (Q)| + h Z a;l,t,L(C)
1=3 =1
|| /241

+

1 —x
Th Z Gor_1,4,0.(C)
=1

Asmall(C) + A1 (C) + AQ(C)a
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where we have used the notation Gim ;, to denote that the original variables {{;} have been replaced by
the coupled variables, {¢/'}, and E[Gy,(¢)] = E[G], 1(¢)] in the second inequality due to the identical
distribution. Furthermore, we have made explicit the dependence of G 1, on (.

Then,

P(Zyryg>x)=P (CSUFP |Pr1(C) — E[Prp(0)]| > x)
el

<P sup Asmall(C) > { + P sup Al(C) > {
CEFJ 3 3

We start with the first term:

[+
T 1 . T
P sup Asmall(g) > § <P sSup — Th ‘Gl,t,L(C) - Gl,t,L(C)’ > g
¢el'y cery =3
R
3 *
< ;E sSup - Th Z |G1e,.(¢) = GI4.L(Q)]

cery

[ ) [%JH t—|Th]+I1L—1

- §E SUp — Z WVil€sc) = Val&se) )

cer, Th i3 s=t—|Th]+(I—-1)L

8

Then,
" s—t m, Mg 9, % %
Vil6so) = Vil& o)l = K ( Th ) resaee, (C Zame (¢ Zog) = Srethivey, (T Z0ma (¢ 25,
~———
<1
< [|e2 T Z,—(TzF by L A6
< [lesi — s+1|+ (' Zsy — C Z34] ] by Lemma A.
<IN Zs 6= 22 llep <101 Zs e = Zs el
< 1€ — &5 lle

where we have used the fact that ||| < 1 and the property of the £, norms. Therefore,

. 31 [%J“ t—|Th)+IL—-1
P (sup Asmall(C) > 3> < *ﬁ Z Z E[Hfs - f:”ﬁ]
cery x = — ERNY e
=8 s=toThIHEDL e ey
e
31 .
=T Ut — Ul
1=3
)
31
= T 2 T(Fe s (St | Th|+(1-1)L» -+ Et— | Th|+1L—-1))



31
<= sup T(Ferr &y &r))
T Lopri<ih<..<iy

<Tr+1

3
=20 (L+1)7,
x

where the second last inequality follows from the observation that F¢; and &_ | 7pj1q—1)r are separated

by L + 1 timepoints, and by recalling the definition of 75 in assumption A.3. For the final equality, we

have 7741 = O((L + 1)7"") where we use some positive constant C. Finally set x = 3C*J0 Ll%(}znﬂ,
where C* is a positive constant that is defined subsequently, then
Llog(mr) 1 Th (L+1)7"
P A >C* I ——— | < ) B.20

Note that that block length should diverge to co but slower than that of Th, so we let L = (Th)® where

1> a > 1/r;. This implies that

(BQO) -0 (}] 10;;7];%) (Th)—oz(T7—+1/2)) =0 (1(Th)22TT> = 0(1)’

since 7 > 1. Next, we study the second term:

([ 02
1 -
sup A;(¢) = sup Th Z G2z,t,L(C)

CeTly ¢cely =1
) (M 072 ¢ o mnjaan t—|Th]+21L—1
= |Sup Z Z Vi§se) — E Z Vi(&s.e)
ey =1 s=t—|Th|+(2l-1)L s=t—|Th]+(21—1)L

Recall that Vi(£] ) = %qu(ST;ht)eﬁl%;il(CTZ;t)VbIICH(CTZ;t) and note that

N 1 s—t N
0. < Vil€l) < gmq K () e liicr 2z sesz,y HieT 22 <blicly < M6,
N~ ——

=m* <1
where [|C|| = € since ¢ € I';. If we were to replace one observation (say §;‘/< instead of & - for a single
timepoint s), we note that within that observation’s block, the variables may all be dependent since
we only have block-independent variables. Hence, the worst-case scenario would be that changing one
variable at timepoint s induces a change in all the other variables of the same block. This implies that the

¢ 2mibOL —
Th —

value of sup¢cr, A1(¢) changes by at mos ¢; = ¢ where L comes from the length of the block

that is being changed and since the length is the same for all blocks. Then, by the bounded difference
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inequality for independent variables (for e.g. proposition 2.15.3 in van der Vaart and Wellner, 2023), we

get for any e > 0,

sup A1(¢)

Cery

cel'y

P (SUP Ai(Q) - E

> 6) <exp | — Th

| Th|?e
(| 2] + 1)/2)ame2p202 12

< The?
=P Th 42202 L2

< exp <_<TWL>2> . (B.21)

4m*2b202

=exp | —

Let {e;;1 =1, ..., MT—L}LJJ} to be Rademacher variables that are i.i.d. &1. Then,

. (|12 +1)/2 t—|Th|+20L—1
E |sup Ai1(Q)| <2FE |sup | Z e Z Vi(&s o)
cely cery | Th I=1 s=t—|Th|+(21-1)L
I . (|15 |+1)/2 t—|Th|+21L—1 |
—2FE |E — Vi(&; :
Cseulg Th lz_; € Z t(fs,& {fs}
= s=t—|Th|+(21-1)L
i . ([LTT’”JHW t—|Th|+20L—1 |
T 7% *
<4F |E CSEUIPJ T Z el Z C ' Zgy {X5}
=1 s=t—|Th|+(21-1)L
i ) ([LTT}”JH)/? t—|Th|+2lL—1 |
=4E |E S T ¢’ > Zger | | |{Xs}
: =1 s=t—|Th|+(21—1)L

I QTT}LJJ'H)/Q t—|Th)+21L—1

<4E |E | sup — ¢l > Zger||  |{X5}
=70 =1 s=t—|Th|+(21-1)L

L Loo

(4402 o
<4JOF |E | — > Z% e ‘{X;‘}
=1 s=t—|Th]+(21-1)L

loo
where we have applied the symmetrization theorem (for e.g. Theorem 14.3 in Bithlmann and Van De Geer,

2011) in the first inequality, the contraction theorem (for e.g. Theorem 14.4 of the above-mentioned
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reference) in the third line, and finally ||v||,,, for v € R¥ is defined to be max;<;<y |v;|. Notice that,

(S ]+072 o ng 4211

|
1 * *
E T ;21 g Z87tel ‘{XS}

s=t—|Th]+(21-1)L

loo
VfJ t—|Th|+21L—1

z B > Zuga|[oa ]
=J=smr =1 s=t—|Th]+(21—1)L
=wi(Xt,5)

(|12 |+1)/2

and that conditional on {X}}, Hy; = > -, wy (X j)e; is a mean-zero sub-Gaussian random

variable. Then by independence of the Rademacher variables and for A > 0:

(|2 |+1)/2 (|2 | +1)/2
Elexp(AHy,;)] = H ElexpQui(Xej)e)] < [ cosh(Qun(Xe))
l= =1
(|t hJ +1)/2 (| 220 41)/2
)\’wl(Xt") )\2
< 11:[1 exp( 5 J2 ) = exp 5 2 wl(Xm)2 ,

where the first inequality is true for any random variable y with Fy = 0 and |y| < 1 (see problem 2.15.10
of van der Vaart and Wellner, 2023), and the last inequality uses cosh(y) < exp(%) for any y € R. Hence,
by Lemma 17.5 of Van de Geer et al. (2016), we have

E( max [Hy;j|[{Xs})

1<5<
(LLTLMJ‘H)/Q 1/2
N2
2log(dmr) | max ; wi (X4 5)
1/2
(B 02 1 o irngrain 2
2log(4m7) max ! Z z
sLmT 1<j<2my | (Th)? 8:t.]
I=1 s=t—|Th]+(21—1)L
' 1/2
. QLTL”JH)/Q t—|Th]+2L—1
< - *2
< V2log(4mr)/(Th) | max T > L > Z3,
1=1 s=t—|Th]+(21—1)L

< \/2¢x log(4mry)L/(Th)

where we have used Cauchy-Schwarz in the third line, and in the final inequality we used the fact that

we are conditioning on the event Bx ;7 as stated in the original lemma. Note that for sufficiently large
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my > 4, log(4mr) < 2log(mr), and hence, on Bx 1,

4ex L log(mT) N Llog(mr)
<
E[CSGUI?, Ai1(Q)] <4J0 . C Jo i

with C* = 16,/cx. Substituting back into (B.21) and setting e = £C*.J§ Llog(mT) yields

. Llog(mr) . log(mr) C*2J2
P A > ——= | =P A > 1
(Cseul% 1(¢) = C*Jo T ) (CSGUI% 1(¢) = CHI0 [ s (Th)i—o Tormape os(mr) |,

where we have recalled that L = (Th)® with 1 > o > 1/r;.

Note that the proof for Ay(() follows similarly. Hence, we conclude that

P ( lurs > C* I8 log(mT>>

(Th)l—a
C*Jo [log(mr) C*Jo [log(mr)

<2P ([ sup A > + P | sup Asma >

<<em =5 e sup Asmain(€) 2 =31 [ (ppyi—a

C*2 J2 Cy (Th)l/Qfa(TTJrl/Z)
<2 ——1 —
= 2exp < 144m =202 Og(mT)) T log(m7)
for some constant Cz > 0. O

Proof of Lemma A.9

Consider an arbitrary positive u, then

2mr t+|Th|
P <1<1}1<a2x Wi (v)] > u) E <’ > ksat(esi) Zogs| > “>
YA j=1 s=t—|Th
s;éLt J
+ Z P(’Tl Z ks,t[¢(5s+1 + Rs,t(Xs)) - 1/}(€8+1)]Z57t7j > u)
j=1 s=t—|Th|
s#t
=1+11,

where Ry (x,) = angs - angs - a?IXS((s —t)/T). We begin with I1. By Chebyshev’s inequality and
a similar argument to the proof of Proposition 1 along with Assumption A.2(iii) on the approximation

of E[{tb(est1 + €) — ¥(es41)}?|Xs], we can show that IT = O(%mT;Z}ﬁ). For I, we use a Fuk-Nagaev

inequality (specifically, Theorem 3.1 in Babii et al. (2024)) for 7-mixing processes with only finite lower
order moments (see Assumption A.3), to arrive at

1-k

I< 2017%{1“(7N + 8mr exp <_
u

c2(Th)?u?
Bf
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where c1, ¢ are positive constants, kK = ((¢* +1)R —1)/(¢* + R— 1), R = pq/2(p +q) + 1, and B% =

Th |Th
max; Y zf:t HTh | Cou(Za (1) Zit jt (Ersn)):

s;ét
Therefore,
(Th)'—" co(Th)?u? c3 mpsTh?
P <1<I;18éx v T](’)’t) > U) < 2clmTT + 8mr exp _T% ST

for some positive c3. Next, consider any 6 € (0, 1) such that
201mT

then we have for some positive C1,

1/k
mr
> _— .
w=z (6<Th>~—1>

Repeating the same steps for the second terms in the inequality above and we get

log(24mr/6) log(24my/0)
R T

where we have used Lemma C.2 to get B% = O(Th). For the final term,
1/2
mr
> 03 ————= ,
e <6<Th>3/2>

where we have also used assumption A.8(i), sph? oc (Th)~/2.

Hence, we conclude that there exists a positive C' such that

Ve Nog(24my /6 1/2
(A0 < _mr og(24mr/90) mr o
P 1§?1§a2}7§w |Weri(v) < C ((6(Th)nl> v (Th) v §(Th)3/? 21-9,

for every § € (0,1). O
Proof of Lemma A.11

For (i), we have

min |~
jes b

D |72j| ~ max ij - vgj! > min{ K1, Ko }c*\/sp\ — ¢*\/sTA > a\/sT ],

where we have used Lemma A.10 and the beta-min condition in assumption A.10(i). Therefore there
exists a* > 0 such that minjcs |§fj| > (a+ a*)\/sTA.

For (ii), recall that for j € S, ﬁfj correspond to the elements in 57 which satisfies (A.13):
V(i) + S GF) - GG = 0.
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The j-th element of G**(37) is given by

O, if 0 < |hiai,t7j| < )\,
GA(W'aing) =  (hiaiy; — Asign(bicig ;) /(a—1), if A < |[hiaiq | < al, (B.22)
Asign(hia ), if |Rlait | > al,

for either i = 0,1 as long as j € S. Given the result in (i), since sy is at least 1, we conclude that all the
elements in G**(7;) are given by Asign(hia;, ;) for j € S. Recall that this is equivalent to s§(75) i.e.
sfﬁf) = G'S(3¢) and hence \IJfTﬁf) =0.

Finally for (iii) we have,

=S 0 S 0
max (Wi (V)] < max (Wi (ve)| + max e, () — Yo ()] -

=B

By Lemma A.9, with probability greater than 1 —4, maxjcse |\Ift’T’j(fyg ;)| < CA. The second term is given
by:

t+|Th

|
_ - - s—1 s—t
w7 Yk [1/, <ys+1 — a5 X, —asT (T> Xs) _y <ys+1 — T X, — al] <T> Xﬂ Zousl.

s=t—|Th]
s#£t

We can show that very similarly to the proof of Lemma A.1 (and specifically (B.6) and (B.7)), along with

Lemma A.10 (to bind [ —~?|) and assumption A.10(ii), we have P(B > u) = O <%), for an arbitrary

positive u. Hence, for a 6 € (0,1), we have P (B < c(/\eﬁ)o'g’) > 1 — 6. Note that \/s7/(Th) = o(1)

and so with a large enough sample, the second term would be dominated by the first term with high
probability. O
Proof of Lemma A.12

We show this using the convex differencing result from Tao and An (1997). Recall the definition of
f(7) in (A.7). The subdifferential Jf(v:) is given by

Uy i(ve) + Xokej, for 1 <j <mg,
af(fyt) = {ﬂt = (§t717 "'719t,2mT)T S R2mT : 0] = }7
Uy ;(y) + Mkt g, formr+1<j < 2mgp

where k; j = sign(v,;) if v; # 0 and kj; € [—1,1] otherwise. Recall that Aj, A2 oc A so we shall use A
instead moving forward.

Next, for our biased oracle solution ﬁf , define the set
)\sign(fy\fj), forjes

T = {1915 = (ﬁt71, "‘719t,2mT)T : 19]’ = }’
U1 () + Ak j,  for j € S°.
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where k;; ranges over [—1,1]. Lemma A.11 implies that T C df(7;) with high probability.

Next, we define the following neighborhood around 75 as such:
N = {3 e R*™7 1 |3; — 35| < a*\/s7A, Vj € S; |3 — Vel < A, Vj € 8}

where ¢* and C are the same constants in Lemma A.11. Then pick any %; in the neighborhood. To
prove the lemma, it is sufficient to show (by the results in Tao and An (1997)), that there exists ¥} =
(FF 1505 I,zmT)T € T such that the following holds with high probability: J;; = G\ (h'@;y;) where
G\ (h'@;y ) is the j-th element of G'(¥%), and i = 0 for the first my elements and i = 1 otherwise. To

satisfy this condition, we construct J; as follows:

(i) For j € S, set ¥}, = )\sign(ﬁfj) = \sign(h'a ft]) From (B.22), we can see that G (hia; ;) =
Asign(hi@; ;) if |h'@; s j| > aX. To establish this, note that with high probability, we have
min |h'@;; ;| > min |’ altj\ max \hia a — W' | > (a+a*)y/sTA — a*A\\/sT > ay/s7),
jes Jjes ’ Jje

where recall that h'as

gy ; 1s the j-th element of 7¢ (see (A.14)), which is the center of A/. The

second inequality is due to part (i) of Lemma A.11 and the construction of 4;. Next we verify that
) holds with high probability for j € S:

sign(h'a; 1 ;) = sign(h'a ft]

a. When hia ?t] > 0, we have
S 7 1S 7
h ai,t,j - h'a z,t,] + (h ’Lt] - ha 1t,]) > 07
>min{K1,K2}c*\/sTA >—c*\/STA
. . . 0
hzaiytaj = h'of Qg + (hlai,taj - h’lai,t,j) >0,
>min{K1,K2}c*\/sTA >—(a*+c*)/sTA

| < h'dig; — h'G5 | <

1tg|+’hl 7t hz 7

since for the second equation, |hia;; — hia! J Xy

2,t,]
(a*+c*)\/sTA and the final inequality of being positive is guaranteed by choosing min{ K7, K2}

large enough.

b. When hia ?t] < 0, we get
h’LAz,t,] = hl 'L,t,] (hl/\ztj hl Q; t,]) < 07
——
<—min{K1,Ka}c*\/sTA <c*\/sTA
. . i 0
hlam’j = hl lt] + (hzO[i,thj - hlam,j) < 0,
——
<—min{K1,Ka2}c*\/sTA <(a*+c*)\/STA

where the second inequality is valid again with sufficiently large min{ K7, Ko}. Therefore, we

have U} ; = Asign(h'a ftj) = Asign(hi@;y ;) = Gh(hiay ;) for j € S.
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(ii) For j € 8¢ by construction of the biased oracle estimator, ﬁfj =0 and k;; € [-1,1]. Note that
_ ~S ~S _
|'Yt,j| < h/t,j| + h/t,j - ’Yt,j|7
= T
= <

and thus Gy (h‘@;;;) = 0 from (B.22). For a sufficiently small constant ¢ < 1, we have by
Lemma A.11, [¥;7,;(77)| < e for all j € S¢. Then we can find ki; € (—1,1) such that for
JESL; =VYer, (A2 + Akf ;= 0= G (k'@ ;) holds with high probability.

Hence, for both j € S and S¢, we have constructed a 9 € T C 9f(77) that is equivalent to G'(%;) and
thus the intersection is non-empty. By the result in Tao and An (1997), we therefore conclude that 77 is
a local minimizer of the original penalized objection function (5). O

Proof of Lemma A.13 We begin first with a modification of the RSC condition. Consider:

[Wer(3e) = Uer (O] (5t — A7) = [Wer(3) = Cer (W] (B —19) = [Ter(3) — Cer ()T GF = 47)

— [Wer(37) = er (W] (e — 90) + [Wer(BP) — Ter ()] TGP —7)

R ]ong ~ N long N
2 2
> a1][Cuellz — a2 Thy—= [Crelln + anllCaellz — a2 Thyia 1Catlln
W (3e) = Ve (W) lsollCatlls = 1900 = Uiz () llsollCaell1, (B.23)

where the inequality holds with probability at least 1—Q, flt = 4;—~ and fgt =A% —4Y. Next, we condi-
. ~ A .
tion on the events Y17 = {max; |V (7)) — Vi, (79)] < ml(%)o'f’} and Yor = {max; |V 7 (%) —
U i(7)] < mg(mgﬂhi@)o":’} for some positive constants my,me and o1,09 € (0,1). We can show, in a
similar fashion to (B.6) and (B.7) and the union bound, that P(¥i7) > 1 — o1 and P(X2r) > 1 — 02.

Therefore, with probability 1 — Q7 — o1 — 09,

(B.23) >

log mr
(Th)l—a

log mr

ar([[Cell3 + [1S2¢13) — Th)i-=

mp/STA| - mp/STA| | -
Tho, [Crellx Thos [[Catl1-

TV
=FE1,r =FE> 1

By convexity' of £{|v:||3 — g(7¢) where recall that g(7;) is from the decomposition in (A.7), we have:

[G'(5e) = G'GO T (e = 47) < plle = 37113 (B.24)

See proof of Lemma 3 in Loh and Wainwright (2017) and of Theorem 2 in Loh (2017).
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Furthermore, by the first order optimality condition (see (A.9)) we have:

Wor (o) + Mot = G' () = 0 = [Trr(3e) + Mo = G ()] T (3 = 3) =0, (B.25)
where k; € 9||4¢]|. Combine (B.24),(B.25) along with the modified RSC condition and we have:
a1 ([1€uell3 + 11€2el13) = w13 =213 = EvrliCuelh = BarllCarlh < [G'GF) = or GO (e =30) + Ake (57 = 40)-

By Lemma A.12, 37 is a local minimizer of the original penalized loss function and therefore, ¥; r(57) +

AeS — G'(3S) = 0, where k5 € 9|35 |1 and thus

el = Earl|Coellh < MST (3 — 30 + Mt (B — A1)

= Nk T4 = AP I+ My = Allel

5 2 A a8
ar(|[Crell3 + NICell3) = pllAe = A7 M15 —

< MEST3, — Al (B.26)

where we have used the property of subgradients in the equality, and the final inequality comes from
the fact that M 3S < Mkcllsol[F5 11 < Al[FS]l1. Following the proof of Theorem 1, we have ||Cy¢|l1 <
4./sT HCltHQ and similarly for Cgt. Furthermore, let Ep = max{F 1, E> 7}, then label the left hand side
of (B.26) as (LHS) and we have:

ar(ICell3 + 1G2el3) — llfe — 3713 — 4B7/57([ICuell2 + I Gaell2) < (LHS).

By the Parallelogram law, —u||9 — 35|12 > —2u(]|C1e|12 + [|Cacl|3), hence we get

(a1 = 20 [ Cuell3 + (a1 = 201 Catll3 = 4B7/57([Cuell2 + (1 Carll2)
= {(a1 = 20)|ICuellz — 4Brv/s7HICurllz + {(a1 — 20) | Catll2 — 4Br/s7} | Catll2 < (LHS).

Choose Th large enough such that 4Ep./st < a1 — 2u, then we get
0 < MeP T4, — Al|Ae|1.

Again, recall that A%fT% < Al|3¢||¢, hence this implies that EfT% = ||4¢|l1. We showed that max;ese |Ef\ <
1 in the proof of Lemma A.12, which together with the equality implies that the supp(§:) C S, where
supp refers to the set of indices that correspond to non-zero coefficients.

Regarding uniqueness, we note that given the result above, all stationary points 4, of (5) are supported
in S and satisfies 4, = (77 ', Ogc)‘r’ where we recall that 7 are the solutions to the biased oracle problem.
Lemma 1 of Loh and Wainwright (2017) shows that the biased oracle problem is strictly convex and

therefore, 7;3 is unique. By extension, 44 is also unique. O
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Appendix C. Results on 7-mixing

Let {V;}1ez be a sequence of random variables. Define the L mixingale-type coefficient: v, = supyy(FL o, Vitk),

where Ft = o(V;, Vi_1,...) and

V(FLoor Virn) = IEVirrlFLoo) = E(Vewn) 1.

Note that we do not require {V;};cz to be centered nor does the mixingale condition require stationarity
since the coefficient is taken to be the supremum over ¢. Recall from Assumption A.3 that for a random

variable z € R, ||z|, is defined to be E(|z[P)'/?.

Lemma C.1 (Covariance inequality). Assume R > 2 ezists such that ||Vi||r < oo for all t. Then,

e e
|Cov(Vi, V)| < 25 Vil g 1 Vigllr < 2717 Vil R (Vi gs

where Ty s the T-mizing coefficient.

Proof. Define Qy,| to be the quantile function of |V;|, and Gv,,,| to be the generalized inverse of z —
Iy Qv,,,|(u)du. The proof strategy is similar to Lemma A.1.1 in Babii et al. (2024) but with explicit
consideration of non-centered random variables with heterogeneous distributions. By Proposition 1 of

Dedecker and Doukhan (2003), we have

Y(FL o Virr)/2
/ Qi © Gy, (u)du.

‘COU(W7‘/L‘+I€)‘ S 2
0
Next, note that
Y Floos Virr) = [E(VirrlFLoo) = EVirn)llt < IEVisr| FLo) Il + I E(Visr) 1,

where both [|E(Viik|FLoo)lli < [|Viaklli by Jensen’s inequality and the law of iterated expectations, and
IEVirw) e < El[Virl] = [[Vigrllr likewise. Hence, y(F?

—00)

Vitr)/2 < |[[Vigklli- So, we can rewrite the

integral as:
IVitrlla
2/0 1{u<7(]'-t,oo,Vt+k)/2}Q|Vt\ o G|Vt+k|(u)du.

Note that % + ﬁ = 1, so by Holder’s inequality:

(Visrlls
2 /0 Liucr(Ft  Visn)/2y @il © Gy (uw)du

1

Vitrlla R—1 R-1
(/0 [QW% © G|Vt+k|(u)] du) :
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HFL oo Visr)/2 o
§2< / 1du )
0

=Y(FL o Vitr) /2 <k/2




Next, by a change of variables, let u = foy Qv;,,|(2)dz so that du/dy = Q)v,,,|(y). Furthermore, for the
upper limit of integral of ||V, yxll1, y = 1. By definition, we have G|y, (g Q|Vt+k|(z)dz) = Y so we can

simplify the 2nd term:

Verklla »
/ {QM © Gy, (u ] du —/ Qi) Qi (v)dy
0

(R-1)/R , 1 1/R
g( /0 cz.w(y)f‘dy) ( /0 Qvt+k|(y)Rdy> ,

where the last inequality is due to Holder’s inequality since % + % = 1. Finally we have by the properties
of the quantile function, fol Q‘w(y)Rdy = E|V;®|, and similarly fol Qv (v VRdy = E|V;+k|

The proof is complete by noticing that the L;-mixingale coefficients satisfy v, < 75 as given by the
relations (2.2.13) and (2.2.18) in Dedecker et al. (2007). O

Lemma C.2. Let {Vi}sez be a sequence of centered random variables such that |Vs||r < oo for some

R > 2. Furthermore, let the T-mizing coefficient satisfy 7, = O(k~%) for ¢ > %. Then

t+|Th] t+|Th]  t+|Th]

Var( Z VS>§ Z Z |Cov(V, Vi)| = O(Th).

s=t—|Th]| s=t—|Th] l=t—|Th|
sF#t sF#t 1#t

Proof. The proof is similar to Lemma A.1.2 of Babii et al. (2024) and involves counting terms in the sum,

but here we use Lemma C.1 instead. O

For convenience, we consider a specific application of the covariance inequality to the product of

individual forecasts with the score function of the forecast errors.

Lemma C.3. Define Xy)(ee41) = Vii. Under assumptions A.3(i)-(ii), for k > 1, and i,j = 1,...,d we
can find an R > 2 such that

R 2
‘COU(VtuV}Jrk,j)‘ < QR 1TkR IHVMHR HW+k;HR < 00,

where T} is defined in assumption A.3(ii).

Proof. The result is obtained if we have an R > 2 such that ||V;;||r < oo. Consider 1/p + 1/q =
(¢ + p)/(pq) = 1/r, where p and ¢ are defined in assumption A.3(i), and r = pq/(q + p). Immediately,
from the condition that p > 2¢/(q — 2), we have pq/(q+ p) = r > 2. Hence, we can let R = r > 2 and so,

Veillr = IVeillr < [ Xuillglld(ers)llp < o0,
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where we have applied Hélder’s inequality and assumption A.3(i) to bind the moments. Therefore, we
can directly apply Lemma C'.1 along with the conditions on the 7-coefficients in assumption A.3(ii) to get

our result. 0

Lemma C.4. Define X4 Xi; =V, (3 jy. Under assumptions A.3(i)-(ii) for k > 1, and indices i,j = 1,...,d,
we can set R € (2,q/2] such that
1 B=2 A1
= R-1
‘COWVL(L]'), V;H—k,(i,j))’ < 2R-17y HW,(i,j)HRR HVt+k,(i,j)HR < 00,

where T, is defined in assumption A.3(ii) and q > 4.

In order to apply Lemma C.1, we need to find R > 2 such that | Xt Xl < oo. Note that R
is arbitrary in Lemma C.1 and need not necessarily equate to R in assumption A.3(ii). By Hélder’s
inequality, we have || XXl < || Xuillozl| Xtjlloz- We require both norms to be bounded and since we
have at least 4 finite moments (i.e. ¢ > 4), we need 2R < g which is R < ¢/2. Since ¢/2 > 2, we can set
R € (2,¢/2] and the result follows from Lemma C.1.
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Appendix D. Specific loss function derivations
Assume throughout that {|u|} is a sequence that goes to 0.
Appendix D.1. Mean absolute error loss.

For ¢ (e) = sign(e). Then,

Elsign(e+wle] = [ fuu()dz— [ fu(2)dz. (D.1)
The first term:
00 00 0
fe\m(z)dz = /0 fe|m(z)d2 + fe|m(z)d2
—u —u
:fe|1(0)u+0(u)

The second term in (D.1) is

—u 0 0
[ Chds= [ gl [ fals

~——————
:fe|z (0)u+o(u)

Putting these together:

o0 0
Blsign(e+ w)ls) = [ fa(dz = [ fuale)dz +2£12(0) + ofw)
0 —00
By a symmetry restriction on the conditional density (see the discussion in lin-lin loss example below),
we have [ fe.(2)dz — f feje(2)dz = 0.
Appendix D.2. Lin-lin loss

For v,(e) = qleso + (¢ — 1)1e<o. We have,
Elq(e +u)|z] =¢q - felz(2)dz + (¢ — 1) - fejo(2)dz. (D.2)

—Uu —00

The derivation then mirrors that for the absolute error case, so we get:
Elty(e +wla] = [ [ a1tz + faat] + - )| / a2z~ fuu(O)u] + o)

“fo [ st 0 / Tl + F0)ut ol

= —qP(e > 0lz) + (g — 1)P(e < O\x)] + felz(0)u + o(u)

— g1 = Pe < 0l2)) + (¢— DPe < om] T fuaO)u + ofu)
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= lg = Ple <O0[z)] + fejo(0)u + o(u).

As mentioned in the main text, ¢ — P(e < O|lz) = 0 if we assume that P(e < 0lz) = F,,(0) = g (see
for e.g. Chen et al., 2019). We can adjust the intercept term to ensure that this assumption holds. This
ties in with our symmetry discussion in the least absolute deviation case above. Over there, we have the
median regression so the condition would be F,,(0) = 0.5, which yields symmetry. Nonetheless, with
P(e < 0]z) = ¢, we have E[) (e + u)|z] = feo(0)u + o(u).

Next, we verify

®(z) = Ely(e)*z] = Elg*1es0 + (¢ — 1)*1e<ol2]
= q2P(e > 0lx) + (¢ — 1)2P(e < 0]z)
= ¢*[1 — P(e < 0]2)] + (¢ — 1)*P(e < 0|x)

= ¢*> + P(e < 0|z) —2q P(e < 0|z)

=q =q

=q—q¢ =q(1—q).
Appendix D.3. Asymmetric squared loss

For ¢4(e) = 2e(qleso + (1 — ¢)le<p). We have

[e.e] —Uu

Elhg(e + u)z] = 2 / (2 + u) fup(2)dz + 2(1 — g) / (2 + u) iy (2)dz. (D.3)

—Uu —00

For the first term,

2q /j(z + u) feje(2)dz = 2Q{ /O: zfe|a:(2)d2+/j Ufele(2)dz }

=A =B

Then,
A= /0°° 2 fela(2)dz + /_Ou 2feju(2)dz = /OOO 2fope(2)dz + fm(o)“; +o(u?)

where the last equality follows from a Taylor expansion. Next,
00 0 00 (e%9) )
B=u| [ faatis b [ farts] =u] [T fiatohts + faalorut o) =u [ fports + ofu)

Combining the results together, we get
[e.e]

2q/ (2 +u) felz(2)dz = 2q/0 2 feju(2)dz + 2qu/0 felz(2)dz + 0(u2).

—Uu
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The second term of (D.3) can be simplified analogously:

0

—u 0
21— q) / (2 + ) fup(2)dz = 2(1 — ) / 2Foa(2)dz +2(1 = qJu / fupe(2)dz + 0(2s?).

—00 —

Adding both terms up:

fe'e) 0
Elg(e + v)la] = 2 /0 Aaudz 420 -0) [ afes
=T
00 0
+ 2qu/0 felz(2)dz +2(1 — q)u/ Jela(2)dz +o(u?).
ETQ

For the first term,

Ty = 2F [qel{e>0}

Similar to the conditions for the absolute error loss and the lin-lin loss, an analogous condition imposed

x] _op [e(ql{e>0} + (1 - q)lecqy)

=wq(e)

(IZ:| +2F |:(1 - Q)€1{6<0}

for expectile regression here is Elew,(e)|z] = 0 (see for e.g. condition 4 in Man et al., 2024), which implies
that Tl =0.

Similarly we have,
Ty = 2uEqles0p + (1 — @) 1{e<co}|z] = 2uE we(e)|z].

So we conclude that
E[pq(e + u)|z] = 2E[wy(e)|x]u + o(u?),
and thus M (z) = 2F[wq(e)|z]. Finally,

®(2) = Efthg(e)’|] = E[4g°e* 1m0y + 4(1 — ¢)*€*1iecpy|2] = 4E[*{q°1es0y + (1 — @)L iecoy Ha]-

=wq(e)?
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Appendix E. More empirical results

Table E.4: Comparison of forecast combinations with alternative loss functions for forecast evaluation.

ASL(0.9) ASL(0.8) ASL(0.7) ASL(0.6) LL(0.9) LL(0.8) LL(0.7) LL(0.6)

MF

ASL (q = 0.9) 0.689 0.680 0.670 0.659  0.864  0.863  0.862  0.861
ASL (q = 0.75) 1.170 1111 1.045 0.971 1.201 1.148 1.088 1.021
LL (q = 0.9) 0.667 0.892 1.144 1427  0.704  0.874 1.064 1.277
LL (q = 0.75) 0.891 0.957 1.029 1111 0.881  0.954 1.034 1.125
LS 2.152 2.023 1.880 1.718 1.701 1.610 1.508 1.393
peLasso 4.971 4,663 4.320 3.934 2.897 2.720 2.524 2.302
EQ 0.643 0.661 0.682 0.705  0.826  0.852  0.882  0.915
Hist. Avg. 1.162 1.124 1.082 1.034 1.044 1.039 1.033 1.026
AR(p) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
QF (0.6)

ASL (q = 0.9) 0.462 0.486 0.512 0.542  0.645  0.672  0.701  0.734
ASL (q = 0.75) 1.111 1.057 0.997 0.929 1.159 1.112 1.059 1.000
LL (q = 0.9) 0.661 0.915 1.199 1519  0.625  0.817 1.031 1.272
LL (q = 0.75) 2.658 2.650 2.641 2631  0.979 1.055 1.140 1.235
LS 2.126 2.000 1.859 1.701 1.671 1.583 1.484 1.373
peLasso 5.279 4.952 4.587 4.176 2.998 2.814 2.609 2.378
EQ 0.483 0.531 0.585 0.645  0.682  0.732  0.788  0.852
Hist. Ave. 1.162 1.124 1.082 1.034 1.044 1.039 1.033 1.026
AR(p) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
QF (0.75)

ASL (q = 0.9) 0.560 0.566 0.573 0.581  0.729  0.747  0.766  0.788
ASL (q = 0.75) 1.021 0.973 0.918 0.857 1.071 1.033  0.992  0.945
LL (q = 0.9) 0.418 0.649 0.907 1.198  0.477  0.665  0.876 1.113
LL (q = 0.75) 1.296 1.343 1.395 1.455 0.961 1.030 1.106 1.192
LS 2.087 1.963 1.824 1.667 1.666 1.577 1.477 1.365
peLasso 5.661 5.310 4918 4.477 3.136 2.943 2.728 2.486
EQ 0.298 0.403 0.520 0.652  0.462  0.566  0.682  0.813
Hist. Avg. 1.162 1.124 1.082 1.034 1.044 1.039 1.033 1.026
AR(p) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Notes: See Table 3 for the list of abbreviations. Column headers indicate the loss function (and the associated

asymmetry parameter) used for forecast evaluation and the values are averages.
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